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Mixed mode convection in an inclined slot
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Nonlinear interaction between transverse disturbances and longitudinal rolls has
been investigated for flow in an inclined slot with a heated lower wall when both
modes of instability occur at nearly the same value of the control parameter. This
condition is shown to be possible for a fluid with Prandtl number greater than
0.263897. For slightly supercritical values of the Rayleigh number (R) when the
critical Rayleigh number for longitudinal rolls RL is somewhat less than that for
transverse stationary rolls, RS, and for transverse travelling waves, RT, longitudinal
rolls occur first and then remain stable as R is increased beyond RS or RT; no mixed
mode state occurs. In contrast, if RS or RT is slightly below RY, pure transverse modes
exist for only a relatively small range of R beyond RS or RT. Thereafter, a three-
dimensional mixed mode state occurs well before RL is reached, i.e. three-
dimensionality sets in on a subcritical basis. As R approaches RY, the contribution of
the transverse mode decreases continuously until a pure longitudinal roll state
emerges for R slightly greater than RY. Mixed mode convection is also investigated
for a special choice of parameters when three modes, namely transverse stationary
rolls, transverse travelling waves and longitudinal rolls, become unstable simul-
taneously. Longitudinal rolls again emerge as the stable supercritical state.

1. Introduction

Nonlinear interactions between transverse rolls and longitudinal rolls in Ray-
leigh-Bénard convection when a mean shear exists have recently attracted increasing
attention. For a horizontally unbounded layer, longitudinal rolls with axes in the
flow direction are the most unstable mode. Richter (1973) considered a situation for
the unbounded case where two-dimensional rolls aligned in one direction are initially
excited by means, say, of thermal imprinting as first developed by Chen & Whitehead
(1968), and so dominate the initial state of convection. A shear flow is then
superimposed in the direction perpendicular to the axis of the two-dimensional rolls,
which are now called transverse rolls. Deriving coupled amplitude equations and
integrating numerically, he demonstrated that after superposition of the shear flow
the amplitudes of the transverse rolls decrease while those of longitudinal rolls (given
small initial values) increase. After a sufficiently long time, the transverse rolls
become negligible, thereby giving rise to a longitudinal roll state. He therefore
concluded that the transverse rolls are unstable to longitudinal rolls for any value of
the Reynolds number. Richter & Parsons (1975) confirmed experimentally this
process of transition between transverse and longitudinal rolls.

With the addition of sidewalls, however, transverse rolls are more unstable at low
values of the Reynolds number (Re). Hence there is a cross-over regime of Re
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(depending on the aspect ratio) where both modes are important on a nonlinear basis.
The idea of a cross-over value of Re, say Ee*, was introduced by Luijkx, Platten &
Legros (1981; see also Platten & Legros 1984) for the linear problem. Miiller, Liicke
& Kamps (1989, 1992) and Brand, Deissler & Ahlers (1991) considered channel flow
by using envelope equations. Brand et al. considered interaction between transverse
and longitudinal rolls. They obtained pure transverse rolls at relatively low values of
Re and high values of the Rayleigh number but pure longitudinal rolls for the
opposite extreme, in agreement with the linear results. However, Brand et al. also
obtained a mixed mode composed of these two kinds of roll for some range of
parameters. Ouazzani, Platten & Mojtabi (1990) had previously observed a mixed
mode state experimentally. Therefore, it would seem that the concept of a unique
value of Re* is an artifice of the linear problem; finite-amplitude states can coexist
and give rise to mixed mode convection. It is therefore more accurate to talk about
a cross-over regime rather than a cross-over value of Reynolds number.

Another example is an interaction between transverse rolls and near-aligned rolls
in a vertical narrow gap between co-rotating concentric cylinders at different
uniform temperatures. Kropp & Busse (1991 a) derived coupled amplitude equations
for transverse rolls and near-aligned rolls and obtained typical bifurcation diagrams
in which pure transverse rolls, mixed modes, and pure near-aligned rolls exist stably
as a sequence of bifurcations.

In the case of pure Rayleigh-Bénard convection in a circular cylinder of finite
aspect ratio, different modes become critical depending on the aspect ratio. It should
be mentioned that Rosenblat (1982) considered an interaction between different
critical modes, derived coupled amplitude equations, and obtained bifurcation
diagrams involving a transition from a pure mode to a mixed mode.

In this paper, the case of flow in an inclined slot with a heated lower wall will be
discussed. For the case of a vertical slot, transverse stationary rolls exist for P <
12.454256 = PST, while a pair of transverse travelling waves exist for P > PST where
P is the Prandtl number; see e.g. Bergholz (1978). Fujimura & Mizushima (1991),
Kropp & Busse (19915), and Fujimura (1992) investigated a nonlinear interaction
between the stationary mode and the travelling waves on a weakly nonlinear basis
for P~ PST. On the other hand, longitudinal rolls exist for a relatively large
inclination angle (§ is defined as the angle from the vertical in this paper). A cross-
over between transverse and longitudinal disturbances exists as shown by Hart
(1971) and Korpela (1974). According to their comparisons, and also to that of
Hollands & Konicek (1973), between theoretical predictions and experimental results
on this problem, the onset of longitudinal rolls is predicted well by the linear stability
theory while the onset of transverse rolls is not predicted so accurately. Hart
conjectured that the latter disagreement might be due to the lack of resolution in
detecting the onset and also perhaps due to the non-parallelism of the basic flow
resulting from end effects of the experimental apparatus with a finite aspect ratio.
Unfortunately, these experimental results do not indicate any interaction between
longitudinal rolls and transverse ones, although one might expect such interaction
just as for the case of Ouazzani et al. (1990).

More recently, Kirchartz & Oertel (1988) carried out both a numerical simulation
and an experimental observation of this problem in a finite-aspect-ratio box (finite
in both width and length). They concluded that within a certain parameter range a
stable mixed mode exists although the mode is composed of longitudinal rolls and
transverse rolls resulting not from a shear instability but from endwall effects.
Shadid & Goldstein (1990) recently reported experimental results for a finite-aspect-
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Freure 1. Coordinate system of the inclined fluid layer.

ratio box. Although they demonstrated the transition process from transverse to
longitudinal rolls with their flow visualization, they did not note the existence of a
mixed mode.

The objective of the present paper is to clarify which modes can stably exist in the
case of two-mode interaction between transverse disturbances and longitudinal rolls.
We classify all the possible equilibrium solutions and also consider their linear
stability. We further classify the bifurcation characteristics in the cross-over regime
between three modes, i.e. a transverse stationary roll, a pair of transverse travelling
waves, and a longitudinal roll, all of which can be critical simultaneously for a
suitable choice of parameters.

After describing the mathematical formulation in §2, we discuss the linear stability
characteristics in §3, especially in regard to the cross-over feature. We derive the
coupled amplitude equations for the interaction between three modes in §4 and
obtain equilibrium solutions and their linear stability for two-mode and three-mode
cases in §§5 and 6, respectively. In §7, we draw some conclusions,

2. Mathematical formulation

We take the coordinate system (z,y,2) in which two parallel walls are located at
z = +1H, and the z-axis is aligned in the direction parallel to the sidewalls. Uniform
temperatures on the walls are maintained at 7' = Ty F AT at z = +1H as shown in
figure 1.

We non-dimensionalize all the quantities by taking the characteristic temperature
AT, characteristic length H, characteristic velocity, gyH*AT /v, and characteristic
time H?/v. As a result, we obtain the following system of equations for velocity v and
temperature T':

P 'R[0v/0t+(v-V)v] =—Vp+T cos de,+ T sin de, + V2 p,
RoT/ot+ (0- VYT = V2T, 2.1
V-v =0,

subject to boundary conditions

<
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(2.2)
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where B = gyATH?® /v« is the Rayleigh number and P = v/« is the Prandtl number.
The conduction state (R < R,) has the velocity and temperature profiles

v=(0(2),0,0) = 3(z*—12) cos 8,0,0), T =T(z)=—2. (2.3)
We introduce a perturbation on the velocity and temperature field as
v="0+0=(U+4,8,%), T=T+T. (2.4)

After eliminating the pressure p, we obtain the final form of the nonlinear
disturbance equations, namely

Oy — )+ U0 (d, —0,)+ U b, W
= PR™[T, cos 8+ V*(ii, —¥,)] —0,(6- V)i +0,(8- V) 5,
0, V2ib+ U0, V2~ U" b,
= PR [V2T sin 6 —T., cos &+ V* ] (2.5)
—{V($- V)b —3,[8,(B- V) i+3,(p- V) +0,(- V) ]},
T+ 0T +T.o =RV P—(5-W) T,
V-$ =0, J

where a prime denotes differentiation with respect to z and V2 = 0%/0a? 4 2%/0y%. We
use the subscripts z, y, z, and ¢ to denote the derivatives of dependent variables.

3. Linear stability characteristics
Let us denote the disturbance as [#, 6, @, T’]T = Pz, y, z; t). We investigate the
linear stability characteristics by the normal mode analysis assuming that
W — ¢(z) eia(x—ct)+iﬂy’ (3 1)

where @ = [u(z), v(z), w(z), T(z)]%,  is the wavenumber of a transverse disturbance,
and f is the wavenumber of a longitudinal disturbance.

We only consider a transverse disturbance and a longitudinal disturbance because
Gershuni & Zhukhovitskii (1969) demonstrated that oblique modes are never the
most unstable. The disturbance equations for longitudinal rolls (L) are

Stpw—p*sinéT =0, Tw—R*S,T=0, (3.2)

while the disturbance equations for transverse stationary rolls (S) or transverse
travelling waves (T) are

lia(U—c) S, —ial” — PR 8,Jw+ PR~ (o® sin §+iaD cos ) T = 0,
[ie(U—~¢)—R* 8,1 T+ Tw =0,
subject to the homogeneous boundary conditions w = Dw =T = 0 at z = +}, where
Sy =D*—a? 8, =D?—42 and D = d/de.

In order to obtain the critical condition for transverse stationary rolls (a3, RS) and
that for transverse travelling waves (T, RT), we set Im ¢ = 0 and 0R/0a = 0 from the
start while ignoring the third criticality condition ¢2R/0a® > 0. After splitting (3.3)
into real and imaginary parts, imposing these two conditions, and expanding (w, T)

and (Qw/0a,07'/0a) as
w w(n) 1 2 2T
Qw/da =,§0 w™ =) 1(22),

T Ty
(OT/aa> - EO(T;m) @—2") T,(22),

} (3.3)
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Ficore 2. Critical Rayleigh number for longitudinal rolls (dashed line) and for transverse
stationary rolls (solid lines). A cross-over point is where two modes share the same critical Rayleigh

number.
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FiguRrE 3. Cross-over points among different modes (solid lines). Label S denotes the region in
which a transverse stationary roll gives the critical condition, T denotes the one in which transverse
travelling waves give the critical condition, and L denotes the one in which a longitudinal roll gives
the critical condition. Dashed lines denote extensions of solid lines.

we reduce the linear system (3.3) subject to homogeneous boundary conditions to
simultaneous nonlinear algebraic equations for [w™, wT [T TWIT ¢  dc./0a, a,,
and R,. Here 7,(2z) denotes the Chebyshev polynomial of the nth degree and the
factors (;—=2%)? and (}—2?) are involved in the expansion functions in order that
the functions satisfy the boundary conditions automatically. To solve the equations,
we utilized the Newton method. The critical condition for longitudinal rolls is

independent of the Prandtl number and is simply given as
B =23.1163236, RL = 1707.7618/sin 4.

We depict RS as a function of the inclination angle 4 for several values of P in figure
2. At the intersection between the curves for the longitudinal rolls, RL, and the curves
for the transverse rolls, RS, the longitudinal roll and transverse roll share the critical
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P 4 R
12.420013 1.0065474 97216.060
10 1.2523682 78136.236
S-L 7 1.7954436 54506.618
1 13.109803 7529.2181
0.7 18.824 115 5292.6923
12.420013 1.0065474 97216.060
50 1.8497816 52905.997
T-L 100 1.3639647 71744.366
200 0.9592889 102004.84
500 0.5873833 166585.02
12.420013 1.0065474 97216.060
12.431822 0.7 97466.817
S-T 12.441431 04 97715.228
12 447841 0.2 97882.506
12.454256 0.0 98051.132

TABLE 1. Cross-over points for typical Prandtl numbers.

condition. For P > 2, the curves for RS show discontinuity and many-valuedness for
65° < 8§ < 70°, corresponding to the closed discommected neutral curves discussed by
Chen & Pearlstein (1989).

We summarize the distribution of the eross-over points between L and S, between
Land T, and between T and S in the (P, §)-plane in figure 3. We find that the S mode
always dominates for P < 0.263897 if § < 90°. The same diagram has been obtained
by Korpela (1974). For P » 1, our diagram for L—S has the asymptotic behaviour
& ~ 12.533P1-99% while Korpela’s result does not have such a clear asymptote for
P> 1. The diagram for L-T shows § ~ 17.156P~%%42% for P » 1. The curve for T-S
is almost vertical but slightly inclined with very large negative slope. The Prandtl
number on this curve tends to P = 12.454256 as § - 0. These three curves intersect
at (P, 0, R,) = (12.420013, 1.0065474, 97216.060) which is the condition for three-
mode interaction. We tabulate some typical data on these curves in table 1.

4. Weakly nonlinear reduction of amplitude equations

We describe only the essentials of how to derive the coupled amplitude equations
on a weakly nonlinear basis in the neighbourhood of the point at which three
modes, (S), (T), and (L), simultaneously bifurcate. The derivation for the two-mode
interaction is included in the following as a subset. We expand ¥ about the crossover
point (P,,8.,R,) in P,R;*=PR™ = 2, P;'—P' = ¢ P, and 6— 4, = €28 as

V= (¥ +VPV+ VK +(cW,+eVPP+ . ) E,+ (¥, +PPV + .. ) E,
+ (P, +e¢¥YP+.. )E,+¢¢ Y, ¥Y,.E,E,+thot.+cc., (4.1)
m,n=—4

where B, = ele@~ead*1u¥ and E_, = E;1. We label the pair of transverse travelling
waves as n = 1, 2, transverse stationary rolls as » = 3, and longitudinal rolls as
n =4 so that «, = a,,f, = f,=0, #,=0, and a, = 0. Moreover, ¢, =¢, =0, and
¢, = —¢,. For simplicity, let

Apt+a,+... =0y s BptPut-. =Pumn , and a,c,+o,c,+... = (xC),, -
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For later convenience, we introduce the following linear operators

ﬂmn '//[mn —%mn =’l{mn iﬂmn 17/ —"lﬂmn'PcRgl cos 8c
S ig, D 0
me 0 0 Pun  P.R(y%, siné.+ia,, D cos 8,))’
0 0 7_7z _i(ac)mn + iamn ﬁ—REI Smn
Lmn,d‘ =
—Qpn ﬂmn U a?nn [_] lﬂmn U 1ﬂmnR,Rc_l sin 30
0 0 0 . 0
0 0 oy, US,,—iau, U P.R;}(y%, cos 8 ,—ia,, Dsiné)[
0 0 0 ia,, U
_iﬂmn Smn i‘xmn Smn 0 _iﬂmn Cos 30
5 [ o 0 0 0
mn PR = 0 0 —8%, Yi,sind, +ia,,D cosd, |’
0 0 0 —P78 .
00 0 0 g, —ia,, 0 O
0 0 0 0 0 0 0o 0
L = M, =
mnET 0 000 0 P 0 0 Sp. O
0 0 0 —PR'S,, 0 0 0 1
where _

gmn = i[‘xmn U- (‘xc)mn] Smn -
'/ﬂmn = (a’c)mn_a’mn ﬁ_lpcRgl Smm
Vmn = Omnt Brnn, U=00/08, 8, =D*—yp,.
We make use of the method of multiple scales so that we set

ia,,, 0" —P,R;' 8

mn?

d 0
t, =¢e*"t =0,1,2,..., == . 4.2
n € bl n y Ly &y > at }é}e atj ( )

In particular, t, = €*£. At O(¢) we obtain the linear equations
L,¥ =0 j=1.234, (4.3)

which are consistent with either (3.2) or (3.3). The solution ¥ is obtained in the form
of

W, = Ay(t,,...) ®B,(z). (4.4)
The eigenfunction ®,(z) is normalized such that w;(0) = 1.

Derivation of the equations at O(e?) is straightforward. We note here that the
mean flow distortion ¥, must satisfy the constant mass flux condition in order to be
relevant to flow within a slot with endwalls.

At O(€*), we obtain four inhomogeneous equations of the form of

LYY = M¢8Aj A4A2N D, A 4.5

gLy = T4y ja:_l_ jkElI kl -k T 0 Py Ay, (4.5)

where 0, = L; p-15— 8~Lj, 6+I~’Lj’ pand N_,,, denote the nonlinear term whose explicit

form is not listed here. The solvability condition for ¥§ yields coupled amplitude
equations of the form of

dd4,

- 4
=LA+ 2 A pyldiP4;, j=1,2,3.4, (4.6)
dt, —_
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AQ 4.2419274 % 10* @ 2.6158226

AP —5.0019071 x 107 AP 2.3515549 x 10~
A 1.7417820 % 10°3 AP 1.0716816 x 1072
s —8.3859831 x 10* Assa 3.0332176 x 10
s —2.3307004 x 107 s —2.8534022 x 10

TaBLE 2. Coefficients involved in coupled amplitude equations for the 8-L interaction
evaluated at (P,R,8) = (7, 54506.618, 1.7954436).

Real part Imaginary part
AP = A 7.4993746 x 107! 3.2439113x 101
A = AP 55042236 x 102 —3.2200664 x 10~
AP = 20" 1.9297902 x 1073 1.8432297 x 102
Xy = A% —8.2701212 x 10° 9.7993298 x 10°
Aoy = A0, 9.7692758 x 10°  —5.0040034 x 10°
Agsy = A0 ~1.0571395x 108  —9.2328355 x 107
AP 1.9549109 x 10! 0
AP 2.7248285 % 107? 0
AP 1.1443968 x 1072 0
X yys = Ao 5.0048593 x 104 6.6524787 x 10°
A 33 —4.0124209 x 10* 0

TasLE 3. Coefficients involved in coupled amplitude equations for the T-L interaction
evaluated at (P, R,d) = (100, 71744.366, 1.363964 7).

where N - o
A =LK0y D), = Ly prpg @0+ 0 —=L; yP;>;+PL{Ly pDBy»;
= A9+ 8P + PAP.
Also, Ak = N2y
where )= f flz) (ﬁ, dz/f Gﬁij D, dz,
-1 -1

and (5j(z) = [0,0,®, T]" is the adjoint function of ®,(z) defined by
~PRS}w+T,T=0, P,Adsind,—8;T=0 (4.7)
for the longitudinal roll, while
liee; U8, —i(ac); S, + 2ia, UD— P, R 831w+ T, T = 0,
P, R;\(a? sin 8, —ia, cos 8, D) &+ [ —i(ac), +ie, U~R'S] T = Oj
for the transverse disturbances, both equations being subject to homogeneous
boundary conditions.

Coefficients involved in (4.6) are evaluated numerically at P =7, 100, and
12.420013 and are tabulated in tables 2, 3, and 4, respectively.

(4.8)

5. Bifurcation for two-mode interaction

In the following sections concerning analysis of the amplitude equations, for

simplicity we utilize the original timescale ¢ instead of the slow ones, ¢,,72 > 1. Let

us start with the interaction between transverse stationary rolls and longitudinal
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Real part Imaginary part

AP =A@ 3.0878922 x 107! 2.8270393
AP = AP 3.5754725x 107  —2.2486003 x 10~®
AP = AP* 5.5561793 x 107° 2.4748060 x 1074
Ay = A¥,,, —3.9807707 x 10* 2.9002831 x 10*
Aggy = A% 4.4817678 x 10? —2.4937499 x 10°
Agy = Ay, 8.6821267 x 10® 2.0243108 x 10*

e =A%, -—6.8324086 x 107 —1.6135646 x 107
AP 4.2599543 x 10! 0.0
AP —5.1748696 x 107® 0.0
AP 1.8041695 x 107® 0.0
Ay = A%, 6.6742016 x 10* 7.5087195 x 10*
Azas —1.7504458 x 10° 0.0
Agas —7.0672793 x 107 0.0
A 1.5194595 0.0
AP 2.4109890 x 1072 0.0
AP 1.1048845 % 1072 0.0
Ajyg = A%y, 3.1731141 x 10° 1.1368121 x 10!
Az 3.2400366 x 10* 0.0
Asas —5.2464715 x 104 0.0

TaBLE 4. Coefficients involved in coupled amplitude equations for interaction among the S, T,
and L modes evaluated at (P,R,d) = (12.420013, 97216.060, 1.0065474).

rolls in the neighbourhood of the cross-over region. If we set ed; = a,(t)e'’® and
€’A; = A;, the amplitude equations for 4, and 4, are written in the form

da 2 da :
T;=a3(A3+ZA-Jj3ajz)a ‘&t—4=a4(/\4+2/\—ﬁ4“?)- (5.1)
j=3 j=3

We obtain the equilibrium solutions for (5.1) by setting the left-hand sides of (5.1)
to zero. Evaluating the eigenvalues of the Jacobian matrix about the equilibrium
solutions, we obtain the stability conditions for the solutions. For some of these
calculations we utilized the computer algebra system REDUCE3. The results are as
follows:
(a) pure transverse roll Py

i = —A3/A 335, @, =0, (5.2)

which is stable if A_j;; <0 and Ay—A;A_55,/A 553 <0;

(b) pure longitudinal roll Py,
a; =0, a;=—2A/A 44 (5.3)
whose stability condition is given by A_,,, < 0 and Ay — A A_y45/A 44, < O;

(¢) mixed mode M

ag = /\4 /L443 _ /\3 /\—444 , ai — /\3 /\—334 - /\4 /\—333 ’ (5.4)
det,, det,,

which is stable if
Re {a} Aggstag Ay T {(a5A_g55+af A_yyy)*—4a3aj detu]i} <0,

where det;, = Ay Ay — Ay Agry-
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Ficure 4. Bifurcation diagram for two-mode interaction between transverse stationary rolls and
longitudinal rolls. Letters attached to each branch denote the different types of stable equilibrium
solution. Letters in a bracket denote unstable equilibrium solutions. P = 7; (a) § = 1.89°, (b) § =
1.69°.

Typical bifurcation diagrams are shown in figure 4 for P = 7. Linear stability
boundaries A, =0 and A, =0 provide a basis on which to classify the possible
equilibrium solutions. Let

(5.5)

(P) AG) _ (@) Y(P) _
834=3§L+180|:A4 /\3 /\4 /\3 ]P Pc

AP AP — AP A | 7PP, ’

at which A, and A, vanish simultaneously at one value of R. Here (P, 85) denotes any
point on the curve of figure 3 for the S—L interaction. In the neighbourhood of
pP=7,

834 ® —0.021154+12.716P72.

This is the local expression of the cross-over point between the (S) mode and the (L)
mode in figure 3. Moreover, we denote R,, R,, R,, and R, as the Rayleigh numbers
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FieurE 5. Bifurcation diagram for two-mode interaction between transverse travelling waves
and longitudinal rolls. P = 100; (a) § = 1.464°, (b) J = 1.264°.

at which A3y = 0,43y = 0,4%p =0, and Ajy = 0 hold, respeetively; see figure 4. By
imposing these conditions in (5.2)-(5.4) and substituting
A = N9 +8AP + PAP]
= MO (P,R;*— PR )+ AP(8—0,) + AP (P —P7Y),

we obtain explicit forms of B, for n = 1, 2, 3, 4 which can be summarized as

R, =b{"/(0+b" P~ +b). (5.6)
We do not list the numerical values of the coefficients (™, by, and b{™, but they are
available from the authors.

Now if § > 8,,, Py, is stable for R, > R > R,, and P is stable while Py is unstable
for R = R,. If § < §,,, on the other hand, Py is stable for R, < R < R,, M is stable
while Pg is unstable for R, < R < R;, M is stable while Py and P, are unstable for
R; < R € R,, and Py is stable while Py is unstable for R > R,. The results are valid
for coefficients in table 2. Qualitatively the same bifurcation characteristics are
obtained for P = 0.7 and we do not show them here.
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Before discussing the physical implications of the above bifurcation characteristics,
we describe the bifurcation of solutions for the interaction between transverse
travelling waves and longitudinal rolls that can occur for P > P§T. Setting ed,(t) =
a;(t) e’ for j =1, 2, 4 yields coupled amplitude equations of the form

da,/dt = a,(c; +¢115 @3 +Cyp1 @5 +Cyyy @F) = @, Py,
da,/dt = a,(c, +Cg9; a3 +¢43, @5 +Cyy; F) = @y Py, (8.7)
da,/dt = a,(c,+¢114 07 €11, 05+ €100 03) = @y Py,

where ¢; = Re A; for j =1, 2, 4, and ¢p,; = Re Ay, for £ =1, 2, 4. The possible
equilibrium solutions are:

(@) travelling wave Py,
ai =—¢;/Cy1y, @y =03 =0, (5.8)
which is stable if 0p,/a? < 0, p, <0, and p, < 0;

(b) pure longitudinal roll P,
ay=a,=0, a;=—0/cy,, (5.9)
which is stable if 0p,/0a < 0, p, <0, and p, < 0;
(¢) standing wave SW
al = a5 =—¢;/(Ci11tCa01); @, =0, (5.10)
whose stability condition is given by
¢ >0, (61317 Coz) (111 €201} > 0, Py <O

(d) mixed mode M?

€4Chq1—0C, C €10134—C4C
R e e L | " e e E B A (5.11)
det,, det,,

whose stability condition is given by p, < 0 and
Re {¢;y, a3 + €440 0 1 [(C117 @3 + ¢4 08)* — 40} af detmﬁ} <0;
(¢) mixed mode M

(€1 Caaa = C4 Caa1) (€221 — C111)
b
26414 €441 (Ca91 — C111) = Caga (€31 —C311)

t = af =

R . (5.12)
s —C4(€311— Coa1) — 261 €114(Co01 —C111)

az =
26514 Caa1(Cag1 — C113) — €444 (€321 — CH1y)

’

which is stable if Re A < 0, where A denotes three roots of the cubic equation
AP —2(2a] 01y, + @] Cyq) A* +4[ai(chy; —c3y1) +2a] af det; ] A
+8a7 a3[0444(C3a1 — ¢311) + 26114 Ca0 (€111 C221)] = 0.

We show typical bifurcation diagrams in figure 5 for P = 100. Proceeding as in the
S—L interaction case, we let

(5.13)

814 = 6TL+ 180 [’\51;) A Aip)]P L
[¢]

G 3) ) G ’
APAF—ATAS | wPP,
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Fioure 6. Nusselt number for two-mode interaction between transverse stationary rolls and
longitudinal rolls for P =7 and § = 1.69°. Solid line denotes the physically realizable Nusselt

number while the dashed line denotes the number associated with unstable pure transverse
stationary rolls.

and define R\, Ry, Ry, R,, and R; such that A}y = Alw =0, A}y =0, Ajy: =0,
Aly = Aly+ = 0, and A = 0, respectively, where 67" denotes the inclination angle
at the cross-over point at the T-L interaction. We write R, in the form

R, = b /(8+b{ P14 b(M). (5.14)

The numerical values of the coefficients b are available from the authors. In the
neighbourhood of the same P, we obtain the local expression for the curve lying
between the T and L regions in figure 3 as

8,0 ~ 0.7007 + 66.327P".

We now classify the possible states. If & > d,,, P is stable for Ry < R < R,, whereas
for R > R, Py, is stable while Py and Pgy, are unstable. If § < §,,, on the other hand,
SW is stable while Py is unstable for B, < R < R,; M is stable while Py and SW are
unstable for B, < B < R,; M is stable while Py, SW, and M are unstable for R, <
R < R;; M is stable while Py, SW, M* and P, are unstable for R, < R < R,; and P,
is stable while Py and SW are unstable for R, < R. These results are valid for the
coefficients given in table 3.

Let us now discuss the physical significance of these bifurcation characteristics.
They show that the longitudinal roll is always stable if the critical Rayleigh number
for the L mode is less than that for the S and T modes, i.e. RL < RS and RY < RT. For
these cases, therefore, a pure transverse disturbance can never be achieved. On the
other hand, if RL > RS, a transverse stationary roll appears at first as the pure mode
Ps. It thereafter bifurcates into a mixed mode M containing initially both the
transverse roll and the longitudinal one, but finally the pure mode P; becomes the
only stable state as the Rayleigh number increases further. The former results agree
with those of Richter (1973) for combined Couette—Poiseuille flow while the latter
results agree with those of Kropp & Busse (1991a) for differentially heated,
corotating concentric cylinders. The above is also the case for RY > RT. The
transverse standing wave SW appears at first. (Note that the travelling wave P, is
always unstable with respect to SW.) It then bifurcates into the mixed mode M
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Ficure 7. Bifurcation diagram for three-mode interaction among transverse stationary rolls,
transverse travelling waves, and longitudinal rolls. P = 12.5, § = 1.1°.

composed of the standing wave and the longitudinal roll, but finally the pure mode
P, emerges. Therefore, the longitudinal roll is stable for & = 8" and P <P, or
82 0T and P> P, at fixed P; transition from the transverse disturbance to
the longitudinal roll via a mixed mode occurs otherwise. We now conclude that the
longitudinal roll is the disturbance achieved for relatively large values of the
Rayleigh number. We have already given more precise criteria for the existence and
stability of each of the equilibrium solutions.

In figure 6, we depict the Nusselt number as a function of B at P = 7 corresponding
to the bifurcation diagram given in figure 4 (b). The existence of the mixed mode is
found to decrease the heat transfer relative to the case of a pure transverse
disturbance. The reduction in heat transfer is also obtained for P = 100 although we
do not show the result here.

We note here that the above analysis does not hold if RY> R$ or RY (or
equivalently, & € & or & < §T" for fixed P, respectively). Instead, a transverse
stationary roll or transverse standing wave can be stable, if it exists. Unfortunately,
the weakly nonlinear theory consistent to the cubic order cannot determine the range
of validity of the present analysis.
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FiaurE 8. As figure 7 but at P = 12.65, § = 1.06°.

For the bifurcation characteristics on the curve of S-T in figure 3 see Fujimura &
Mizushima (1991), Kropp & Busse (19915), or Fujimura (1992). For brevity we do
not describe these bifurcation characteristics again in the present paper.

6. Bifurcation for three-mode interaction

In the neighbourhood of the cross-over region among three modes, S, T, and L, the
above characteristics partly hold, but some new equilibrium solutions appear which
will now be described in detail. Let ed;(t) = a,(t)e'%®. Then the coupled amplitude
equations for three-mode interaction between S, T and L are

da,/dt = a,(c;+ ¢33 0F + oy AF +Cyyy A+ €4y, 0F) = @y Py,

da,/dt = ay(c; + Coqy @7 + 041y @3+ gy A3+ Cayy @F) = Ay Py, 6.1)
da,/dt = ay(cy+ 011507 + €115 A3+ Ca33 05+ 445 03) = a3 D3, .
da,/dt = a,(cy+ ¢34 03+ €414 0F + Cyyy A3 +C44,03) = Ay Py

where ¢; = Re A; for j =1, 2,3, 4, and ¢y =Re A_yy; for k=1, 2, 3, 4.
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FiGURE 9. As figure 7 but at P = 12.6, & = 0.92°.

The coupled amplitude equations possess 11 different equilibrium solutions. They
are:
(i) pure mode Pp: at+0,a2=a2=0a}=0;
(ii) standing wave SW: al=al+0, a} =aj =0;
(iii) pure more Pg: a*=ai=al=0,a] +0;
(iv) pure mode Py: al=al=0a2=0,0a}+0;
v) transverse mixed mode My: a2=4a} %0, a] 0, and ¢} =0;
(vi) mixed mode My: a2=a2%0,a2=0, and af ¥ 0;
(vil) transverse mixed mode Mf:a? £ 0, a2 =a2=0, and a + 0;
(vii) mixed mode Mg : al# 0, a2 =a? =0, and a} % 0;
(ix) mixed mode M: af=al+0,a2+0, and o} +0;
(x) mixed mode Mg: a2=a%=0,a3+0, and a} ¥ 0;
(xi) mixed mode M*: a2 0, a2=0, aZ %0, and a? 0.

We list the explicit forms of the above solutions and their stability conditions in
the Appendix. The bifurcation characteristics have a richer variety in than the cases
of §5. We demonstrate typical examples of the bifurcation diagrams in figures 7-12.
Although they are much more complicated than the diagrams for the two-mode

—— e e e e
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F1curk 10. As figure 7 but at P = 12.45, § = 0.9°,

interactions, each branch of the diagram is qualitatively consistent with the ones in
figures 4 and 5, and with figures 1 and 2 of Fujimura (1992) except for mixed modes
M and M*.

Besides the d,, and d,, defined in §5, we introduce

(6.2)

R AL L=
13 = Ye

NPAP—AIX | wPP,

In the neighbourhood of the cross-over region among the three modes, S, T, and L,
the local expressions for the curves in figure 3 are

8,5 & —387.28+4822.5P1, 8, ~ 7.5066—80.731P1,
8,0 & —0.0067762 + 12.585P 1.

We also define R, for j =1, 2, 3, 4 and 1 < k& < 11 such that 4{¥? =0 at R = R,,.
Here k denotes the label of each equilibrium solution according to the above
classification. The R, are given in the form

Ry = b0-9/(0 +b§0 P1440). 63
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Ficure 11. As figure 7 but at P = 12.3, § = 0.9°.

The numerical values of bJ: ¥ evaluated at the cross-over point are available from the
authors.

The classification of the stable equilibrium solutions is tabulated in table 5. Here
J35,46 1s the § at which 43, and A}, vanish simultaneously, and &;5 4, is the & at
which 43y and A3y, vanish simultaneously. In the neighbourhood of the cross-over
region, they are

835,46 = 315.13P1—24.366, 8, ,;, ~ —60.7603P 1 +5.89868.

From the above discussions, we conclude that only the longitudinal roll, P;, is
achieved in the sector where § > §,, and § > §,,. OQutside this sector, another
equilibrium solution exists stably for relatively low Rayleigh numbers. But
eventually the pure longitudinal roll dominates for high Rayleigh numbers.

7. Discussion and conclusions

We derived the coupled amplitude equations for two-mode interactions between S
and L and between T and L, and three-mode interactions among 8, T, and L on a
weakly nonlinear basis for thermal convection in an inclined slot of infinite extent.
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FiaUure 12. As figure 7 but at P = 12.15, § = 0.94°.

We found that pure longitudinal rolls dominate the dynamics for some range of the
parameter set in the (P,d)-plane while stable transverse disturbances (Pg or SW)
bifurcate first into a stable mixed mode and thereafter to stable longitudinal rolls
which exist in the remaining part of the (P, )-plane. In the neighbourhood of the
cross-over region for the three-mode interaction, the bifurcation characteristics have
a rich variety. Possible stable solutions correspond to a pure transverse stationary
roll Pg, a standing wave SW, mixed modes M, Mg, M;, and M, and a pure
longitudinal roll P;. Any mode composed of a travelling wave propagating in one
direction is concluded to be unstable. Cubic-order analysis given in the present paper
is considered to be valid within 10% error judging from figure 5 of Fujimura &
Mizushima (1991) in which the validity of the cubic-order analysis is discussed in
comparison with fully numerical results for the equilibrium solutions.

It should be remembered that the present results hold only when both of the two
modes or all of the three modes become critical for nearly the same value of the
control parameter. Also when R » RL, the longitudinal rolls can develop a wavy
instability which introduces three-dimensionality into the flow; see Clever & Busse
(1977) and Busse & Clever (1992). However, this secondary instability is unrelated
to the transverse disturbance discussed here (e.g. the wavy instability has an infinite



564 K. Fujimura and R. E. Kelly

0> 8y, 8>0, P for R>R,,

{ SW for R, =R, <R<H,
0>6,,, 0 <dy, M, for Ry,<R<R,

1 P, for R, <R

SW for R, =R,<RB<R,

M, for R, <R<R,

8 <03y, 6> 03546 M for Ry <B<R,,=Ryy,
M for Ry =R SR <Ry,
P, for R, <R
SW for R, =R, <R<R,
M, for R, <R <R,

8 < Oy5 440 6> 01y M for R,y<R<R,=R,,
M; for Ry =R, SRRy,
P, for R, ,<RE
P, for Ry, <R<R,=AR,
M., for R,=R,,<R<R,

8 < 815 8 <im0 M for By<R<RE,=Ry,
M for Ry =Ry, SE <Ry,
P, for R, ,<R
P, for R, <R <Ry,

8> 815,410 6 <85y {Ms for Ry, <R <Ry,
P for R,,<R

TaBLE 5. Classification of the stable equilibrium solutions for the three-mode interaction in the
neighbourhood of (P, R,d) = (12.420013, 97216.060, 1.0065474).

critical wavelength), and there is no reason to think that the linear transverse modes
are important when RY < RT or RS even if R > RT or RS. The situation when RT <
RL or RS < RL is possibly quite different. For instance, figure 4 (b) indicates that
three-dimensionality via a mixed mode sets in when R < RY, i.e. the component of
the mixed mode corresponding to the longitudinal rolls sets in subcritically. It is
therefore conceivable that the mixed mode state can exist even if RS < RL, although
a separate analysis is required to determine whether this can actually occur. Such an
analysis would require calculation of the transverse mode for values of Rayleigh
number well above critical and would have to consider secondary instability of the
transverse mode to disturbances of a type more general than only of the longitudinal
roll form.

We depict stability diagrams in the (R, §)-plane for P = 7 in figure 13. Because of
the constraints of the cubic-order analysis, we cannot reduce the inclination angle
to 0°. Our conjecture based on the diagrams for small values of ¢ is that B, >o0 as
80— 0 whereas the curve for R, goes to the left for a while, becoming steeper, and
eventually becoming vertical, and thereafter bends back to the right. Curves &£, and
R, are considered to merge at some small value of 8. Of course, R, remains finite for
0.

It is of interest to compare the present results to those of Brand et al. (1991) for
the case of heated channel flow; cf. their figure 1 showing results in the (R, Re)-plane.
For their case, transverse rolls are critical for low values of Re and longitudinal rolls
are critical for large values of Re. One might be tempted to simply substitute & for
Re in order to make a comparison but it should be realized that the two cases are
most similar when § & 90°, not & & 0°. For instance, in their case, both modes exist
on a linear basis as Re-—>0 and, for Re > 0, the values of B, for both modes can
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Ficurz 13. Stability diagram for two-mode interaction between transverse stationary rolls and
longitudinal rolls at P = 7 and 6§ = 1.69°. R,, R,, R,, and R, correspond to R, in (5.6).

coincide for a suitable choice of the aspect ratio. In the present case, longitudinal
rolls simply do not exist as §>0 and, furthermore, it is impossible to have both
longitudinal and transverse disturbances occurring simultaneously if P < 0.263 897
(for & #+ 90°). It should also be understood that Brand et al. (1991) used model
amplitude equations with ‘typical’ values chosen for the interaction coefficients,
whereas the present work uses an asymptotic method valid for sufficiently small
supercritical values of R and determines the interaction coefficients on the basis of
the governing equations. Finally, Brand et al. consider a problem with boundary
conditions imposed over a finite interval in the flow direction whereas we consider the
horizontally unbounded case. With these caveats, the following comparison is made.
For a fixed supercritical value of the Rayleigh number, pure transverse rolls exist for
low values of Re and pure longitudinal rolls exist at high values of Re. Most of the
numerical results of Brand et al. (1991) are given for a fixed value of Re as R increases,
which is the manner of presentation used in this paper. In most of their results, the
Reynolds number is taken to be equal to two, whereas the cross-over value on the
basis of linear analysis is 1.5. For Re = 2, only longitudinal rolls were found for R up
toabout 1.23R,.. Thereafter, transverse rolls appear and begin to displace longitudinal
rolls, starting from the downstream end. Over most of the length L, either
longitudinal or transverse modes exist. Although a different form of mixed convection
than discussed here, this pattern implies that both modes can exist at the same
values of Re and R. Our results do not indicate that such a mixed state is possible,
starting from longitudinal rolls, as R increases. At a Reynolds number of 1.5 and
R = 1.2R_, only transverse rolls exist but, unfortunately, no information is given at
values of R closer to critical. No information is given for Re < 1.5 when transverse
modes become unstable first. Hence, there does not seem to be enough information
available in the cross-over regime to perform a meaningful comparison. For slightly
different values for the interaction coefficients, Brand ef al. (1991) found that a mixed
mode state of the type described in this paper is possible for B = 1.165k, and Re =
2, which is reassuring. The result indicates that more accurate calculation of the
numerical coefficients for the channel flow case is highly desirable.

Finally, we note that the bifurcation characteristics obtained by Kropp & Busse
(1991 a) in corotating concentric cylinders with different temperatures agree with the
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ones in figure 4 (b) of the present paper, at least qualitatively. Because their results
are also based on the actual numerical coefficients of the amplitude equations
consistent with the governing equations, the bifurcation characteristics obtained in
the present paper and by Kropp & Busse would seem to be the appropriate ones for
bifurcations involving a transition via a mixed mode.

R.E.K. would like to thank the administrative staff of the Japan Atomic Energy
Research Institute for arranging his visit to JAERI during the Fall of 1991 while on
sabbatical leave from UCLA.

Appendix. Equilibrium solutions for three-mode interaction and their
stability conditions
(i) pure mode Py
af = =0 /¢y, B =ay=a,=0,
which is stable if 9p,/da? < 0, p, < 0, p; <0, and p, < 0;
(ii) standing wave SW
af = a3 =—¢y/(C111+Cany), B3 =102, =0,
whose stability condition is given by ¢, > 0, (¢15;—¢€31) (€117 F€291) > 0, p3 < 0, and
Py <0;
(iii) pure mode Pg
ay =0y =0y,=0, aj=—0y/Cyss,
which is stable if 0p,/0a2 < 0, p; <0, p, < 0, and p, < 0;

(iv) pure mode P,
a,=a,=0a;=0, ai=—c,;/C,
whose stability condition is given by 0p,/da} <0, p, <0, p, <0, and p; < 0;
(v) transverse mixed mode M;
(€1 €333 — €3 Cag1) (€221 — C111)
26113331 (Caa1— C111) — CasalCha1 —C111)

= C3(Ci1 — Caa1) — 2€; €115(Ca01 —C111)
3T \
2013 C331(Cag1 — €113) — C339(Co21 — C311)

2 2
a; =a; =

3 a4 = 07
which is stable if p, <0 and Re A < 0, where A denotes three roots of the cubic
equation
A®—2(2a5 ¢yy; + a5 C435) A" +4[a](c];, — €3) + 205 af dety5] A
+8a1 a3[Ca33(C321 — T11) +2€113 €331 (€111 — Co1)] = 03

(vi) mixed mode M,

al=al= (€1 €440 €4 Caa1) (G391 — C411)
2 E]
26114 €441 (Ca1 = C111) = Cagq(C21 —€511)
_ 2 —€4(C31; —Ca1) — 24 €114(Ca9) —€111)
a; =0, a;

20114 C4a1(Ca21 = C111) — Cgaa(Cley —€31;)



Mixed mode convection tn an tnclined slot 567

which is stable if p, <0 and Re A < 0, where A denotes three roots of the cubic
equation

A2 —2(2af ¢y, +af c4qy) A+ 4ad(cF;; —cBy1) + 207 af det;, ] A

+8a] af[ciaq(cias —€311) + 20114 C441(C111—C201)] = 0;
(vii) transverse mixed mode M

2 . 0303317010333

2 _ 010137 C3Ciy
al , =21-13 an
det,,

a,=a,=0, a
2 4 S det,,

>

whose stability condition is given by p, < 0, p, < 0, and
Re {013, 03 + 050385 £ [(011, @3 + Cagg a3)2 — 4al af det 5} < 0;
(viii) mixed mode M3

_ 0101147600

2 __CaCag1—C1 0y
n= ’ det
€014

=a,=0, a?
2 3 ’ 4
det,,

The solution is stable if p, < 0, p, < 0, and
Re{e;y; 0l +cyus 0 £ (0143 8} + 04y af)* — dal af detm]%} <0;

(ix) mixed mode M
ai=f/q9, ay=a, a;=g/q, aij=h/q,
where
J = (¢, debyy— 0444 C351 O3+ Caaq Cagy €3 Cagy Cagy €4 Cany Cyg1 C4) (Cop1 —C1py)s
9 = (Ca43C4 —Cq44 C3) (€321 —Ci11)
+2(Cq44 €113 €1 — C114 Ca43 €1 F C114 Cags €3 — C113 Caa1 €a) (Ca01— C111)>
h = — (435 C4~ Cy34 C5) (€331 —€111)
—2(C334 €113 €1 €113 €331 Ca — C114 €333 €1+ €114 Ca31 C) (€21 — Cina)>
g = (Caqq C333 — C334 Caa3) (€321~ C111)
+ 2(C334 €113 €441 — €444 C113 Ca31 F C114 Caas Cags — C114 C333 Caan) (Caz1 — C11)-
Stability condition is given by Re A < 0 where A denotes four roots of the quartic
equation
—A%+2(2a% ¢yy; 03 €g55 +aF €4qq) AP
+4[aj(c3y; —c311) — 20} af dety; —2af a2 det,, —alal det,,] A®
+ 8a3[ — a}(a3 Caga + 0] Caaq) (Chay — Ci11) +2a3(@5 €115 Cog1 + 3 €134 Ca41) (Cop1 —C11y)
+ 203 @] 0444(C3 111 — C113 Ca31) — 205 @] Ca34(Cag3 €411~ €113 C4a1)
+ 203 @] 0114(Caa3 Ca31 — C333 Ca1)] A
+ 1643 af ag{dety,(c3q, —cbii)
+2(C334 €113 Caa1 — Caaa C113 C331 T C114 Caa3 C331 — €114 Caa3 Caar) (G221 — C1nn)] = 0;
(x) mixed mode Mg

— 2 _ C1Caa3—C3Cqm g _ C3C334—C4Ca33
det,, det,,
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which is stable if p, <0 p, < 0 and
Re {355 0 + €400 01 £ [(0335 03 + €444 03) — 403 0} det:u]z} <0;

(xi) mixed mode M*
=f/e, a,=0, a5=g/q, aj="h/qg,

where
J = —[€333(Caaa €1 — Caa1 €4) F €351(Caa5 €4 — Caaa €3) + C334(Caq1 €5 — Caa3 €1)]
9 = C115(Caaa €1 Caa1 €4) T C111(Caa3 €4 Caga C3) F C114(Caa1 €5 — C4a3 €1);
b = —[333(C111 €4 C114 €1) + C331(C114 €3 — €113 Ca) + C334(C113 €1 — €111 C5)],

9 = C333(C111 Caaa — €114 Caa1) F C113(Caa1 €334 — Caa1 Casa) T+ Caa3(Caz1 C11a —C111 C33a)-

Stability condition is given by Re A < 0 and p, < 0, where A denotes three roots of
the cubic equation

A3 —2(C111 B2+ Cg35 2 + €404 05) A2+ 4[ak a2 det,, +alal det,, + a2 a? det,,] A

+8af ag af[c444(C113 €331 — C333 C111) 1 Ca3a(Caa €111 — €113 Caa1) 1 C114(C333 Caa1 — Cags Caar)| = 0.

REFERENCES

Berguorz, R. F. 1978 J. Fluid Mech. 84, 743-768.

Branp, H. R., DuissLER, R. J. & AHLERS, G. 1991 Phys. Rev. A 43, 4262-4268.
Bussg, F. H. & CLeEvEr, R. M. 1992 J. Engng Maths 26, 1-20.

CHEN, M. M. & WHITEHEAD, J. A. 1968 J. Fluid Mech. 31, 1-15.

JHEN, Y.-M. & PEARLSTEIN, A.J. 1989 J. Fluid Mech. 198, 513-541.

CLeveERr, R. M. & Busse, F. H. 1977 J. Fluid Mech. 81, 107-127.

Fusimura, K. 1992 Bur. J. Mech. B/Fluids 11, 461-464.

Fuimmura, K. & MizusHIMA, J. 1991 Eur. J. Mech. B/Fluids 10, Suppl. No. 2, 25-30.
GERSHUNI, G. Z. & ZHurHovITSKII, E. M. 1969 Prikl. Mat. Mekh. 33, 855-860.
Harr, J. E. 1971 J. Fluid Mech. 47, 547-576.

Horraxnps, K. G. T. & Ko~NIcER, L. 1973 Intl J. Heat Mass Transfer 16, 1467-1476.
KircHARTZ, K. R. & OERTEL, H. 1988 J. Fluid Mech. 192, 249-286.

KorrELA, 8. A. 1974 Intl J. Heat Mass Transfer 17, 215-222.

Krorp, M. & Busse, F. H. 1991a Phys. Fluids A 3, 2988-2994.

Krorp, M. & Busse, F. H. 1991b In Bifurcation and Chaos (ed. T. Kiipper, R. Seydel & F. W.
Schneider), pp. 217-223. Birkh&user.

Lunkx, L. M, PrarTen, J. K. & LEGros, J. C. 1981 Inil J. Heat Mass Transfer 24, 1287-1292.
MtrLer, H. W., Lticke, M. & Kampes, M. 1989 Europhys. Lett. 10, 451-456.

MtirEr, H. W., Ltioks, M. & Kames, M. 1992 Phys. Rev. A 45, 3714-3726.

Ouazzani, M. T., Prarren, J. K. & Mogtart, A. 1990 In#l J. Heat Mass Transfer 33, 1417-1427.
Prarren, J. K. & LeGros, J. C. 1984 Convection in Ligquids. Springer.

RicHTER, F. M. 1973 J. Geophys. Res. 78, 8735-8745.

RicHTER, F. M. & Parsoxs, B. 1975 J. Geophys. Res. 80, 2529-2541.

RoseENBLAT, S. 1982 J. Fluid Mech. 122, 395410.

SHADID, J. N. & GorLpstrIN, R. J. 1990 J. Fluid Mech. 215, 61-84.





